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Examples of metric spaces with asymptotic property C
Yan Wu∗ Jingming Zhu∗∗ ∗
Abstract. We construct a class of metric spaces whose transfinite asymptotic dimension and
complementary-finite asymptotic dimension are both ω + k for any k ∈ N, where ω is the
smallest infinite ordinal number and a metric space whose transfinite asymptotic dimension and
complementary-finite asymptotic dimension 2ω. Moreover, we prove that the metric space with
complementary-finite asymptotic dimension has asymptotic property C and straight finite decom-
position complexity.
Keywords Asymptotic dimension, Transfinite asymptotic dimension, Complementary-finite
asymptotic dimension, Asymptotic property C, Straight finite decomposition complexity;
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1 Introduction
Asymptotic dimension introduced by M.Gromov [1] and property A by G.Yu [2] are fundamental concepts
in coarse geometry (see [3]). As a large scale analogue of W.E.Haver’s property C [4] in dimension theory,
A. Dranishnikov introduced the notion of asymptotic property C in [5]. A. Dranishnikov and M.Zarichnyi
introduce a notion of straight decomposition complexity in [6]. The following implications were demonstrated
for metric spaces of bounded geometry (see [5],[6]):
finite asymptotic dimension ⇒ asymptotic property C
⇒ straight decomposition complexity⇒ Yu’s Property A.
T. Radul defined the transfinite asymptotic dimension (trasdim) which can be viewed as a transfinite ex-
tension of the asymptotic dimension and proved that for a metric space X , trasdim(X) < ∞ if and only
if X has asymptotic property C. T. Radul gave examples of metric spaces with trasdim= ∞ and with
trasdim= ω, where ω is the smallest infinite ordinal number (see [7]). But whether there is a metric space
X with ω <trasdim(X) < ∞ (stated as“omega conjecture”in [8] by M. Satkiewicz) is unknown until re-
cently [9]. In this paper, by the technique developed in [9], we construct a class of metric spaces Xω+k with
trasdim(Xω+k) = ω + k for any k ∈ N, which generalized the result in [9].
The paper is organized as follows: In Section 2, we recall some definitions and properties of transfinite
asymptotic dimension. In Section 3, we introduce a concrete metric space Xω+k and prove that transfi-
nite asymptotic dimension and complementary-finite asymptotic dimension of Xω+k are both ω + k. In
Section 4, we introduce a concrete metric space Y2ω and prove that transfinite asymptotic dimension and
complementary-finite asymptotic dimension of Y2ω are both 2ω. In Section 5, we prove that the metric space
with complementary-finite asymptotic dimension has asymptotic property C and straight finite decomposi-
tion complexity.
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2 Preliminaries
Our terminology concerning the asymptotic dimension follows from [10] and for undefined terminology
we refer to [7]. Let (X, d) be a metric space and U, V ⊆ X , let
diam U = sup{d(x, y)|x, y ∈ U} and d(U, V ) = inf{d(x, y)|x ∈ U, y ∈ V }.
Let R > 0 and U be a family of subsets of X . U is said to be R-bounded if
diam U
.
= sup{diam U | U ∈ U} ≤ R.
In this case, U is said to be uniformly bounded. Let r > 0, a family U is said to be r-disjoint if
d(U, V ) ≥ r for every U, V ∈ U with U 6= V.
In this paper, we denote
⋃
{U | U ∈ U} by
⋃
U , denote {U | U ∈ U1 or U ∈ U2} by U1 ∪ U2 and denote
{Nδ(U) | U ∈ U} by Nδ(U) for some δ > 0. Let A be a subset of X , we denote {x ∈ X |d(x,A) < ǫ} by
Nǫ(A) and denote {x ∈ X |d(x,A) ≤ ǫ} by Nǫ(A) for some ǫ > 0.
Definition 2.1. A metric space X is said to have finite asymptotic dimension if there exists n ∈ N, such
that for every r > 0, there exists a sequence of uniformly bounded families {Ui}ni=0 of subsets of X such
that the family
⋃n
i=0 Ui covers X and each Ui is r-disjoint for i = 0, 1, · · · , n. In this case, we say that the
asymptotic dimension of X less than or equal to n, which is denoted by asdimX ≤ n.
We say that asdimX = n if asdimX ≤ n and asdimX ≤ n− 1 is not true.
T. Radul generalized asymptotic dimension of a metric space X to transfinite asymptotic dimension
which is denoted by trasdim(X) (see [7]). Let FinN denote the collection of all finite, nonempty subsets of
N and let M ⊆ FinN. For σ ∈ {∅}
⋃
FinN, let
Mσ = {τ ∈ FinN | τ ∪ σ ∈M and τ ∩ σ = ∅}.
Let Ma abbreviate M{a} for a ∈ N. Define the ordinal number OrdM inductively as follows:
OrdM = 0 ⇔ M = ∅,
OrdM ≤ α ⇔ ∀ a ∈ N, OrdMa < α,
OrdM = α ⇔ OrdM ≤ α and OrdM < α is not true,
OrdM =∞ ⇔ OrdM ≤ α is not true for every ordinal number α.
Given a metric space X , define the following collection:
A(X) = {σ ∈ FinN | there are no uniformly bounded families Ui for i ∈ σ
such that each Ui is i-disjoint and
⋃
i∈σ
Ui covers X}.
The transfinite asymptotic dimension of X is defined as trasdimX=OrdA(X).
3 A metric space with transfinite asymptotic dimension ω + k
Definition 3.2. ([11]) Let X be a metric space and let A,B be a pair of disjoint subsets of X . We say
that a subset L ⊂ X is a partition of X between A and B if there exist open sets U,W ⊂ X satisfying the
following conditions
A ⊂ U,B ⊂W and X = U ⊔ L ⊔W.
Definition 3.3. Let X be a metric space and let A,B be a pair of disjoint subsets of X . For any ǫ > 0, we
say that a subset L ⊂ X is an ǫ-partition of X between A and B if there exist open sets U,W ⊂ X satisfying
the following conditions
A ⊂ U,B ⊂W,X = U ⊔ L ⊔W,d(L,A) ≥ ǫ and d(L,B) ≥ ǫ
Clearly, an ǫ-partition L of X between A and B is a partition of X between A and B.
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Lemma 3.1. Let L0
.
= En be the n-dimensional cube with the length of B for some B > 0, F+i , F
−
i be the
pairs of opposite faces of En, where i = 1, 2, · · · , n and let 0 < ǫ < 16B. For k = 1, 2, · · · , n, let Uk be a
ǫ-disjoint and 13B-bounded family of subsets of Lk−1. Then there exists an ǫ-partition Lk of Lk−1 between
F+k ∩ Lk−1 and F
−
k ∩ Lk−1 such that Lk ⊂ Lk−1 ∩ (
⋃
Uk)c.
Proof. Let Ak
.
= {U ∈ Uk | d(U, F
+
k ) ≤ 2ǫ} and Bk
.
= {U ∈ Uk | d(U, F
+
k ) > 2ǫ}. Note that Ak ∪ Bk = Uk.
Let
Ak =
⋃
{Nǫ/3(U) : U ∈ Ak} and Bk =
⋃
{Nǫ/3(U) : U ∈ Bk}.
Then d(Ak, F
−
k ) > B −
1
3B − 2ǫ− ǫ/3 > ǫ and d(Bk, F
+
k ) > 2ǫ− ǫ/3 > ǫ. It follows that
(Ak ∪Nǫ(F
+
k )) ∩ (Bk ∪Nǫ(F
−
k )) = ∅.
Let Lk
.
= Lk−1 \ ((Ak ∪ Nǫ(F
+
k )) ∪ (Bk ∪Nǫ(F
−
k ))), then Lk is an ǫ-partition of Lk−1 between F
+
k ∩ Lk−1
and F−k ∩ Lk−1 such that Lk ⊂ Lk−1 ∩ (
⋃
Uk)c.
To prove the main result, we will use a version of Lebesgue theorem:
Lemma 3.2. (see [11], Lemma 1.8.19) Let F+i , F
−
i , where i = 1, . . . , n, be the pairs of opposite faces of
In. If In = L′0 ⊃ L
′
1 ⊃ . . . ⊃ L
′
n is a decreasing sequence of closed sets such that L
′
i is a partition of L
′
i−1
between L′i−1 ∩ F
+
i and L
′
i−1 ∩ F
−
i for i = 1, 2, . . . , n, then L
′
n 6= ∅.
Lemma 3.3. (see [12], Proposition 2.1) Let X be a metric space and let l ∈ N ∪ {0}, then the following
conditions are equivalent:
(1) trasdim(X) ≤ ω + l;
(2) For every k ∈ N, there exists m = m(k) ∈ N such that for every n ∈ N, there are uniformly
bounded families U−l,U−l+1, · · · ,Um satisfying Ui is k-disjoint for i = −l, · · · , 0, Uj is n-disjoint for
j = 1, 2, · · · ,m and
⋃m
i=−l Ui covers X .
Now we begin to construct a metric space with its transfinite asymptotic dimension ω + k for k ∈ N.
For any k, i ∈ N, let X
(i)
ω+k ={
R
i if i ≤ k⋃
1≤j1<j2<...<jk≤i
((2iZ)j1−1 × R× (2iZ)j2−j1−1 × R× . . .× (2iZ)jk−jk−1−1 × R× (2iZ)i−jk ) if i > k
For a = (a1, a2, ..., al) ∈ Rl and b = (b1, b2, ..., bk) ∈ Rk with l ≤ k, let a′ = (a1, ..., al, 0, ...),b′ =
(b1, ..., bk, 0, ...) ∈
⊕
R and put c = 0 if l = k and c = l+ (l+ 1)+ ...+ (k − 1) if l < k. Define a metric d on⋃∞
i=1 R
i by
d(a, b) = max{dmax(a
′, b′), c},
where dmax is the maximum metric in
⊕
R. We denote the metric space (
⋃∞
i=1 R
i, d) by as
⋃∞
i=1 R
i.
Obviously, X
(i)
ω+k ⊂ R
i for any i ∈ N. Let Xω+k =
⋃∞
i=1X
(i)
ω+k be the subspace of as
⋃∞
i=1 R
i. Note that
Xω+l ⊆ Xω+k with l ≤ k.
Proposition 3.1. For any k ∈ N, trasdim(Xω+k) ≤ ω + k − 1 is not true.
Proof. Suppose that trasdim(Xω+k) ≤ ω+k−1. By Lemma 3.3, for every n ∈ N, there exists m = m(n) ∈ N
such that there exist B = B(n) >max{n, 2m+k+1} > 0 and B-bounded families U−k+1,U−k+2, . . . ,Um−1,Um
satisfying Ui is n-disjoint for i = −k + 1, . . . , 0, Uj is (2
m+k+2)-disjoint for j = 1, 2, . . . ,m and
⋃m
i=−k+1 Ui
covers Xω+k. It follows that
⋃m
i=−k+1 Ui covers [0, 6B]
m+k ∩X
(m+k)
ω+k .
We assume that p = 6B
2m+k
∈ N. Take a bijection ψ : {1, 2, · · · , pm+k} → {0, 1, 2, · · · , p− 1}m+k. Let
Q(t) =
m+k∏
j=1
[2m+kψ(t)j , 2
m+k(ψ(t)j + 1)], in which ψ(t)j is the jth coordinate of ψ(t).
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Let Q = {Q(t) | t ∈ {1, 2, · · · , pm+k}},then [0, 6B]m+k =
⋃
Q∈QQ. Note that [0, 6B]
m+k ∩ X
(m+k)
ω+k =⋃
Q∈Q ∂kQ, where ∂kQ is the k-dimensional skeleton of Q.
Let L0 = [0, 6B]
m+k. By Lemma 3.1, since N2m+k(U1) is 2
m+k-disjoint and (2m+k+1+B)-bounded, there
exists a 2m+k-partition L1 of [0, 6B]
m+k such that L1 ⊂ (
⋃
N2m+k(U1))
c ∩ [0, 6B]m+k and d(L1, F
+/−
1 ) >
2m+k. Since L1 is a 2
m+k-partition of [0, 6B]m+k between F+1 and F
−
1 , then [0, 6B]
m+k = L1 ⊔A1 ⊔B1 such
that A1, B1 are open in [0, 6B]
m+k and A1, B1 contain two opposite facets F
−
1 , F
+
1 respectively.
Let M1 = {Q ∈ Q|Q ∩ L1 6= ∅} and M1 =
⋃
M1. Since L1 is a 2m+k-partition of [0, 6B]m+k between
F+1 and F
−
1 , then M1 is a partition of [0, 6B]
m+k between F+1 and F
−
1 . i.e. [0, 6B]
m+k = M1 ⊔ A
′
1 ⊔ B
′
1
such that A′1, B
′
1 are open in [0, 6B]
m+k and A′1, B
′
1 contain two opposite facets F
−
1 , F
+
1 respectively. Let
L′1 = ∂m+k−1M1 =
⋃
{∂m+k−1Q|Q ∈ M1}, then [0, 6B]m+k \ (L′1 ⊔ A
′
1 ⊔ B
′
1) is the union of some disjoint
open (m+ k)-dimensional cubes with length of edge = 2m+k. So L′1 is a partition of [0, 6B]
m+k between F+1
and F−1 and L
′
1 ⊂ (
⋃
U1)c ∩ [0, 6B]m+k.
For N2m+k(U2), there exists a 2
m+k-partition L2 of L
′
1 such that L2 ⊂ (
⋃
N2m+k(U2))
c ∩ [0, 6B]m+k and
d(L2, F
+/−
2 ) > 2
m+k. Since L2 is a 2
m+k-partition of L′1 between L
′
1∩F
+
2 and L
′
1∩F
−
2 , then L
′
1 = L2⊔A2⊔B2
such that A2, B2 are open in L
′
1 and A2, B2 contain two opposite facets L
′
1 ∩F
−
2 , L
′
1 ∩F
+
2 respectively and
d(L2, F
+/−
2 ) > 2
m+k.
LetM2 = {Q ∈M1 | Q∩L2 6= ∅} and M2 =
⋃
M2. Since L2 is a 2m+k-partition of L′1 between L
′
1∩F
+
2
and L′1 ∩F
−
2 , then M2 ∩L
′
1 is a partition of L
′
1 between L
′
1 ∩F
+
2 and L
′
1 ∩F
−
2 i.e. L
′
1 = (M2 ∩L
′
1)⊔A
′
2 ⊔B
′
2
such that A′2, B
′
2 are open in L
′
1 and A
′
2, B
′
2 contain two opposite facets L
′
1 ∩ F
−
2 , L
′
1 ∩ F
+
2 respectively.
Let L′2 = ∂m+k−2M2
.
=
⋃
{∂m+k−2Q|Q ∈M2}, then L′1 \ (L
′
2 ⊔ A
′
2 ⊔B
′
2) is the union of some disjoint open
(m+ k− 1)-dimensional cubes with length of edge = 2m+k. So L′2 is also a partition of L
′
1 between L
′
1 ∩F
+
2
and L′1 ∩ F
−
2 and L
′
2 ⊂ (
⋃
(U1 ∪ U2))c ∩ [0, 6B]m+k.
After m steps above, we have L′m to be a partition of L
′
m−1 and L
′
m ⊂ (
⋃
(U1 ∪ . . .∪Um))c ∩ [0, 6B]m+k.
Since L′m already lies in X
(m+k)
ω+k , L
′
m ⊂ (
⋃
(U−k+1 ∪ . . . ∪ U0)) ∩ [0, 6B]m+k.
For j = 1, 2, · · · , k, there exists a partition L′m+j of L
′
m+j−1 between L
′
m+j−1∩F
+
m+j and L
′
m+j−1∩F
−
m+j
such that L′m+j ⊆ L
′
m+j−1∩(
⋃
U−j+1)
c by Lemma 3.1. It follows that L′m+k ⊆ L
′
m∩(
⋃
(U−k+1∪. . .∪U0))
c =
∅. Then L′m+k = ∅, which is a contradiction with Lemma 3.2. So trasdim(Xω+k) ≤ ω+k− 1 is not true.
Definition 3.4. Every ordinal number γ can be represented as γ = λ(γ) + n(γ), where λ(γ) is the limit
ordinal or 0 and n(γ) ∈ N ∪ {0}. Let X be a metric space, we define complementary-finite asymptotic
dimension coasdim(X) inductively as follows:
• coasdim(X) = −1 iff X = ∅,
• coasdim(X) ≤ γ iff for every r > 0 there exist r-disjoint uniformly bounded families U0, . . . ,Un(γ) of
subsets of X such that coasdim(X \
⋃
(
⋃n(γ)
i=0 Ui)) < λ(γ),
• coasdim(X) = γ iff coasdim(X) ≤ γ and for every β < γ, coasdim(X) ≤ β is not true.
• coasdim(X) =∞ iff for every ordinal number γ, coasdim(X) ≤ γ is not true.
X is said to have complementary-finite asymptotic dimension if coasdimX ≤ γ for some ordinal number γ.
Lemma 3.4. (see [12], Theorem 3.3) Let X be a metric space with X1, X2 ⊆ X , the coasdim(X1 ∪X2) ≤
max{coasdimX1, coasdimX2}.
Lemma 3.5. (see [12], Theorem 3.2) Let X be a metric space, if coasdim(X) ≤ ω+ k for some k ∈ N, then
trasdim(X) ≤ ω + k. Especially, coasdim(X) = ω implies trasdim(X) = ω.
Lemma 3.6. For M ⊂ FinN and k ∈ N ∪ {0}, OrdM ≤ α + k if and only if OrdM τ < α for every
τ ∈ FinN with |τ | = k + 1.
Proof. We will prove it by induction on k. First when k = 0, the statement is true by the definition of OrdM .
Now assume that the statement is true for k = n ∈ N ∪ {0}. Then by definition, OrdM ≤ α+ n+ 1 if and
only if for every a ∈ N, OrdMa ≤ α+ n. i.e.,
OrdMσ ≤ α+ n for every σ ∈ FinN with |σ| = 1.
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By assumption, it is equivalent to
Ord(Mσ)ς < α for every ς ∈ FinN \ {σ} with |ς | = n+ 1 and for every σ ∈ FinN with |σ| = 1.
Therefore,
OrdM ≤ α+ n+ 1 if and only if OrdM τ < α for every τ ∈ FinN with |τ | = n+ 2.
Proposition 3.2. LetX be a metric space, if coasdim(X) ≤ γ for some ordinal number γ, then trasdim(X) ≤
γ.
Proof. We will prove it by induction on γ.
• By the Lemma 3.5, we obtain that coasdim(X) ≤ γ implies trasdim(X) ≤ γ for every γ < 2ω.
• Assume that the statement is true for γ < β. Now γ = β and let β = α + n for some limit ordinal
α and natural number n. We will show that trasdim(X) ≤ α + n. i.e., OrdA(X) ≤ α + n. By the
Lemma 3.6, it suffices to show that OrdA(X)τ < α for every τ ∈ FinN with |τ | = n + 1. Given
τ ∈ FinN with |τ | = n + 1, let r = max{a ∈ τ}. Since coasdim(X) ≤ α + n, there exist r-disjoint
uniformly bounded families U0, . . . ,Un of subsets of X such that coasdim(X \
⋃
(
⋃n
i=0 Ui)) < α < β.
By assumption, it implies trasdim(X \
⋃
(
⋃n
i=0 Ui)) < α. i.e., OrdA(X \
⋃
(
⋃n
i=0 Ui))) < α. Note that
A(X)τ ⊆ A(X \
⋃
(
⋃n
i=0 Ui))).
Indeed, for every σ ∈ A(X)τ , if σ∈¯A(X \
⋃
(
⋃n
i=0 Ui))), then there are uniformly bounded families
Vi for i ∈ σ such that Vi is i-disjoint and
⋃
i∈σ Vi covers X \
⋃
(
⋃n
i=0 Ui). It follows that (
⋃
i∈σ Vi) ∪
(
⋃n
i=0 Ui) covers X . Thus τ ⊔ σ∈¯A(X). i.e., σ∈¯A(X)
τ , contradiction. Thus we obtain that σ ∈
A(X \
⋃
(
⋃n
i=0 Ui))).
Then OrdA(X)τ ≤ OrdA(X \
⋃
(
⋃n
i=0 Ui)) < α.
For every n ∈ N, let X
(i,n)
ω+k ={
R
i if i ≤ k⋃
1≤j1<j2<...<jk≤i
((2nZ)j1−1 × R× (2nZ)j2−j1−1 × R× . . .× (2nZ)jk−jk−1−1 × R× (2nZ)i−jk ) if i > k
Note that X
(i)
ω+k = X
(i,i)
ω+k.
Lemma 3.7. For every r > 0, there exists n = n(r) ∈ N and r-disjoint uniformly bounded families U0,U1
such that U0 ∪ U1 covers
⋃∞
i=nX
(i,n)
ω+1 .
Proof. For every r > 0, choose n ∈ N satisfying 2n > 3r and n > r. For every i ≥ n, let
U
(i)
0 = {(
i∏
t=1
[nt2
n − r, nt2
n + r])
⋂
X
(i,n)
ω+1 | nt ∈ Z},
U
(i)
1 = {(
j−1∏
t=1
[nt2
n−r, nt2
n+r]×[nj2
n+r, (nj+1)2
n−r]×
i∏
t=j+1
[nt2
n−r, nt2
n+r])
⋂
X
(i,n)
ω+1 | nt ∈ Z, 1 ≤ j ≤ i}
It is easy to see that U
(i)
0 and U
(i)
1 are r-disjoint and 2
n-bounded families. Now for every x = (x1, . . . , xi) ∈
X
(i,n)
ω+1 \ (
⋃
U
(i)
0 ), there exists j ∈ {1, 2, · · · , i} such that xj /∈ [nj2
n − r, nj2n + r], then xj ∈ [nj2n + r, (nj +
1)2n−r]. It follows that x ∈ U
(i)
1 . Therefore, U
(i)
0 ∪U
(i)
1 covers X
(i,n)
ω+1 . By the metric definition of as
⋃∞
i=1 R
i,
d(X
(i,n)
ω+1 , X
(j,n)
ω+1 ) > r for every i, j ≥ n. Let U0 =
⋃
i≥n U
(i)
0 and U1 =
⋃
i≥n U
(i)
1 . Then U0,U1 are r-disjoint
2n-bounded families such that U0 ∪ U1 covers
⋃∞
i=nX
(i,n)
ω+1 .
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Remark 3.1.
• Since X
(i,n)
ω+k ⊂ R
i, let Nr(X
(i,n)
ω+k ) be the r-neighborhood of X
(i,n)
ω+k in R
i for some r > 0.
• By Lemma 3.7, for every r > 0, there exists n = n(r) > 0 and 3r-disjoint uniformly bounded families
U0,U1 such that U0 ∪ U1 covers
⋃∞
i=nX
(i,n)
ω+1 . Let V0 = {Nr(U)| U ∈ U0},V1 = {Nr(U)| U ∈ U1}.
Then V0,V1 are r-disjoint uniformly bounded families and V0 ∪ V1 covers
⋃∞
i=nNr(X
(i,n)
ω+1 ). By similar
argument, we obtain the following Lemma.
Lemma 3.8. For every r > 0, there exist n = n(r) ∈ N and r-disjoint uniformly bounded families
U0,U1, . . . ,Uk such that U0
⋃
U1
⋃
. . .
⋃
Uk covers
⋃∞
i=nX
(i,n)
ω+k .
Proof. We will prove it by induction on k. By Lemma 3.7, the result is true for k = 1. Now for k =
m + 1, assume that the result is true for k = m, i.e., for every r > 0, there exist n = n(r) ∈ N and
3r-disjoint uniformly bounded families V0,V1, . . . ,Vm such that V0
⋃
V1
⋃
. . .
⋃
Vm covers
⋃∞
i=nX
(i,n)
ω+m. Let
U0 = {Nr(V )| V ∈ V0}, · · · ,Um = {Nr(V )| V ∈ Vm}. Then U0,U1, · · · ,Um are r-disjoint uniformly bounded
families and U0
⋃
U1
⋃
. . .
⋃
Um covers
⋃∞
i=nNr(X
(i,n)
ω+m).
Let
U
(i)
m+1 = {{xt}
j1−1
t=1 × [nj12
n + r, (nj1 + 1)2
n − r]× (xt)
j2−1
t=j1+1
× [nj22
n + r, (nj2 + 1)2
n − r]× {xt}
j3−1
t=j2+1
×
· · · × {xt}
jm+1−1
t=jm+1
× [njm+12
n + r, (njm+1 + 1)2
n − r]× {xt}
i
t=jm+1+1| xt ∈ 2
n
Z, njk ∈ Z, 1 ≤ k ≤ m+ 1}.
It is easy to see that U
(i)
m+1 is r-disjoint and 2
n-bounded. Note that for every i ≥ n > k,
X
(i,n)
ω+m+1 \
⋃
U
(i)
m+1 ⊂ Nr(X
(i,n)
ω+m)
Indeed, for any x = {xt}it=1 ∈ X
(i,n)
ω+m+1 \
⋃
U
(i)
m+1, {xt}
i
t=1 ∈ X
(i,n)
ω+m+1 implies that there exists at most m+1
coordinates xt such that xt /∈ 2nZ and x /∈
⋃
U
(i)
m+1 implies that, among all the xt with xt /∈ 2
n
Z, there
exists at least one xt0 such that d(xt0 , 2
n
Z) < r. So for any x = {xt}it=1 ∈ X
(i,n)
ω+m+1 \
⋃
U
(i)
m+1, there are at
least i −m coordinates xt such that d(xt, 2nZ) < r and hence x = {xt}it=1 ∈ Nr(X
(i,n)
ω+m). By the definition
of as
⋃∞
i=1 R
i,
d(X
(i,n)
ω+m+1, X
(j,n)
ω+m+1) > r for every i 6= j ≥ n.
Let Um+1 =
⋃
i≥n U
(i)
m+1. Then
∞⋃
i=n
X
(i,n)
ω+m+1 ⊂ (
⋃
Um+1) ∪
∞⋃
i=n
Nr(X
(i,n)
ω+m).
Therefore, U0
⋃
U1
⋃
. . .
⋃
Um+1 covers
⋃∞
i=nX
(i,n)
ω+m+1.
Proposition 3.3. coasdim(Xω+k) ≤ ω + k.
Proof. For every r > 0, by Lemma 3.8, there exist n = n(r) ∈ N and r-disjoint uniformly bounded families
U0,U1, . . . ,Uk such that U0
⋃
U1
⋃
. . .
⋃
Uk covers
⋃∞
i=nX
(i,n)
ω+k . Therefore,
asdim(Xω+k \
⋃
(U0 ∪ . . .Uk)) ≤ asdim(
n−1⋃
i=1
X
(i,n)
ω+k ) ≤ asdim(
n−1⋃
i=1
R
i) <∞.
Lemma 3.9. (see [7]) Let Lω =
⋃∞
k=1(kZ)
k and L∞ =
⋃∞
k=1 Z
k be the subspaces of as
⋃∞
i=1 R
i. Then
trasdimLω = ω and trasdimL∞ =∞.
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Remark 3.2.
• By the Proposition 3.1, Lemma 3.5 and the Proposition 3.3, we can obtain that trasdim(Xω+k) = ω+k.
• By the Proposition 3.1 and the Lemma 3.5, we can obtain that coasdim(Xω+k) ≤ ω + k is not true.
Moreover, we obtain that coasdim(Xω+k) = ω + k by the Proposition 3.3.
• Let
X∞ =
∞⋃
k=1
Xω+k =
∞⋃
k=1
R
k,
And L∞ =
⋃∞
k=1 Z
k ⊆ X∞. Since trasdimL∞ =∞ by the Lemma 3.9, trasdimX∞ =∞.
4 A metric space with complementary-finite asymptotic dimen-
sion and transfinite asymptotic dimension 2ω
For every k, i ∈ N, let Y
(i)
ω+k ={
(iZ)i if i ≤ k⋃
1≤j1<j2<...<jk≤i
((2iZ)j1−1 × 2kZ× (2iZ)j2−j1−1 × . . .× (2iZ)jk−jk−1−1 × 2kZ× (2iZ)i−jk ) if i > k
Let Yω+k =
⋃∞
i=1 Y
(i)
ω+k be the subspace of as
⋃∞
i=1 R
i.
Lemma 4.1. ([12]) Let X be a metric space with X1, X2 ⊆ X . Then
coasdim(X1 ∪X2) ≤ max{coasdim(X1), coasdim(X2)}
Proposition 4.1. Let
Y2ω =
∞⋃
k=1
Yω+k
be the subspace of as
⋃∞
i=1 R
i. then coasdim(Y2ω) = 2ω and trasdim(Y2ω) = 2ω.
Proof. Since Yω+k ⊆ Xω+k and Xω+k ⊆ N2k(Yω+k), Yω+k and Xω+k are coarse equivalent. Then
trasdimYω+k =trasdimXω+k = ω + k and coasdimYω+k = coasdimXω+k = ω + k. It follows that
coasdim(Y2ω) ≥ 2ω and trasdim(Y2ω) ≥ 2ω. For every r > 0, there exists n ∈ N such that n > r. Let
U = {{x} | x ∈
∞⋃
k=n+1
∞⋃
i=k+1
Y
(i)
ω+k},
then U is r-disjoint and uniformly bounded and
Y2ω \
⋃
U = (
n⋃
k=1
Yω+k)
⋃
(
∞⋃
k=n+1
k⋃
i=1
Y
(i)
ω+k).
Note that
coasdim(
n⋃
k=1
Yω+k) ≤ coasdim(
n⋃
k=1
Xω+k) ≤ max1≤k≤n{coasdimXω+k} = ω + n < 2ω
and
coasdim(
∞⋃
k=n+1
k⋃
i=1
Y
(i)
ω+k) = coasdimLω = ω < 2ω.
By the Lemma 4.1, coasdim(Y2ω \
⋃
U) ≤ ω + n < 2ω. Then by the definition of complementary-finite
asymptotic dimension, coasdim(Y2ω) ≤ 2ω. By the Proposition 3.2, trasdim(Y2ω) ≤ 2ω. Therefore,
coasdim(Y2ω) = 2ω and trasdim(Y2ω) = 2ω.
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Remark 4.3. Taras Radul has also constructed a different metric space with the same property simultane-
ously.
5 The relationship among complementary-finite asymptotic di-
mension, asymptotic property C and straight finite decomposi-
tion complexity.
Definition 5.5. ([5]) A metric space X is said to have asymptotic property C if for every sequence R0 <
R1 < ... of positive real numbers, there exist an n ∈ N and uniformly bounded families U0, ...,Un of subsets
of X such that each Ui is Ri-disjoint for i = 0, 1, · · · , n and the family
⋃n
i=0 Ui covers X .
Definition 5.6. ([6]) A metric family X is r-decomposable over a metric family Y if every X ∈ X admits a
decomposition
X = X0 ∪X1, Xi =
⊔
r−disjoint
Xij ,
where each Xij ∈ Y. It is denoted by X
r
→ Y.
Definition 5.7. ([6]) A metric space X is said to have straight decomposition complexity property if for
every sequence R0 < R1 < ... of positive real numbers, there exist an n ∈ N and metric families U0, ...,Un
such that{X} is R0-decomposable over U0, Ui is Ri-decomposable over Ui+1 for i = 1, · · · , n − 1 and the
family Un is uniformly bounded.
Proposition 5.1. If X has complementary-finite asymptotic dimension, then X has asymptotic property C.
Proof. Assume that coasdimX ≤ α + k, where α is a limit ordinal number or 0 and k ∈ N ∪ {0}. We will
prove it by induction on α.
• First when α = 0, coasdimX ≤ k implies X has finite asymptotic dimension, thus X has asymptotic
property C.
• Now suppose that for any β < α and n ∈ N∪{0}, coasdimY ≤ β+n implies Y has asymptotic property
C for every metric space Y . For every sequence R0 < R1 < ... of positive real numbers, let r = Rk,
since coasdimX ≤ α + k, there exist r-disjoint uniformly bounded families U0, . . . ,Uk of subsets of X
such that coasdim(X \
⋃
(
⋃k
i=0 Ui)) < α, then coasdim(X \
⋃
(
⋃k
i=0 Ui)) ≤ β + n for some β < α and
n ∈ N∪{0}. It follows that X \
⋃
(
⋃k
i=0 Ui) has asymptotic property C. Then there exist an m ∈ N and
uniformly bounded families Uk+1, ...,Uk+m such that each Uk+i is Rk+i-disjoint for i = 1, · · · ,m and
the family
⋃m
i=1 Uk+i covers X \
⋃
(
⋃k
i=0 Ui). Therefore, for i = 0, 1, · · · , k +m, each Ui is Ri-disjoint
and
⋃m+k
i=1 Uk+i covers X . i.e., X has asymptotic property C.
Remark 5.4. The above proposition can also be obtained from the Proposition 3.2 and the fact that
trasdim(X) <∞ if and only if X has asymptotic property C.
Lemma 5.1. ([6]) If X has asymptotic property C, then X has straight decomposition complexity property.
Corollary 5.1. If X has complementary-finite asymptotic dimension, then X has straight decomposition
complexity property.
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